Introduction {#Sec1}
============

In this paper, we continue the study of the Luzin *N*- and Morse--Sard properties for the Sobolev mappings under minimal integrability assumptions initiated in our previous papers \[[@CR11], [@CR12], [@CR24]\], see also \[[@CR22]\]. Of course, it is in this context very natural to restrict attention to continuous mappings, and so require from the considered function spaces that the inclusion $\documentclass[12pt]{minimal}
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In this paper, we prove the following Luzin N property with respect to Hausdorff content:
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To study this limiting case, we need a new version of the Sobolev Embedding Theorem that gives inclusions in Lebesgue spaces with respect to suitably general positive measures. For $\documentclass[12pt]{minimal}
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In view of the definition of the Lorentz spaces, it is sufficient to prove the above assertion for the simplest case when *f* coincides with the indicator function of some compact set:
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Note that our proof of the trace theorem is self-contained, is independent of the previous proofs of these type of results, and uses only very natural and elementary arguments.

From the definition of the space $\documentclass[12pt]{minimal}
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From these results, we deduce also some new differentiability and approximation properties of Sobolev--Lorentz mappings $\documentclass[12pt]{minimal}
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Let us remark, in conclusion, that an interesting phenomenon occurs for functions of the Sobolev--Lorentz space $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============
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To simplify the notation, we write $\documentclass[12pt]{minimal}
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The following well-known bound will be used on several occasions.
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Proof {#FPar9}
-----

For continuity and the estimate ([2.4](#Equ10){ref-type=""}) see \[[@CR24], Lemma 1.3\]. Because of coordinate invariance of estimate ([2.5](#Equ11){ref-type=""}), it is sufficient to prove the assertions about extension for the case when *Q* is a unit cube: $\documentclass[12pt]{minimal}
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Corollary 2.3 {#FPar10}
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Analogously, from previous estimates one could deduce

Corollary 2.4 {#FPar11}
-------------
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Here, we list some standard facts about the Lorentz spaces.

Theorem 2.5 {#FPar12}
-----------
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Corollary 2.6 {#FPar13}
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Corollary 2.7 {#FPar14}
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Remark 2.8 {#FPar15}
----------

By Sobolev inequality, under conditions of Corollary [2.7](#FPar14){ref-type="sec"}, if, in addition $\documentclass[12pt]{minimal}
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We need also the following important Adams strong-type estimates for maximal functions.

Theorem 2.9 {#FPar16}
-----------
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We need also the following classical fact (cf. with \[[@CR10]\] ).

Lemma 2.10 {#FPar17}
----------
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Proofs of the Main Results {#Sec3}
==========================

The Trace Theorem {#Sec4}
-----------------

Theorem [1.3](#FPar4){ref-type="sec"} plays the key role among other results. Its proof splits into a number of lemmas. Fix parameters $\documentclass[12pt]{minimal}
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### Lemma 3.1 {#FPar18}
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### Lemma 3.4 {#FPar24}
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### Lemma 3.5 {#FPar26}
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### Lemma 3.6 {#FPar28}
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### Proof {#FPar29}
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### Lemma 3.7 {#FPar30}
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Combining Lemma [3.7](#FPar30){ref-type="sec"} with the initial estimate ([3.6](#Equ21){ref-type=""}) gives the validity of the Trace Theorem [1.3](#FPar4){ref-type="sec"}.

On Approximation of Sobolev--Lorentz Mappings {#Sec5}
---------------------------------------------
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The main result of this subsection is the following
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### Proof of Theorem 3.9 {#FPar34}
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On Differentiability Properties of Sobolev--Lorentz Mappings {#Sec6}
------------------------------------------------------------

We start with the following simple technical observation.

### Lemma 3.10 {#FPar35}

(see, e.g., \[[@CR24], Lemma 4.1\]) If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l,k\in \{1,\dots ,n\}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l<k$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in \mathrm {W}^{k}_{{p_\circ },1}({\mathbb {R}}^n,{\mathbb {R}}^d)$$\end{document}$, then for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varepsilon }>0$$\end{document}$ there exists an open set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U\subset {\mathbb {R}}^n$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}^{l{p_\circ }}_\infty (U)<{\varepsilon }$$\end{document}$ and the *uniform* convergence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} r^{-l}\Vert 1_{B(x,r)}\cdot \nabla ^{k} v \Vert _{\mathrm {L}_{{p_\circ },1}}\rightarrow 0\qquad \text{ as } r\searrow 0 \end{aligned}$$\end{document}$$holds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in {\mathbb {R}}^n\setminus U$$\end{document}$.

### Proof {#FPar36}
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There holds the following extension of Theorem [3.11](#FPar37){ref-type="sec"}.
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The Proof of the *N*-Property {#Sec7}
-----------------------------

In this subsection, we need to prove the assertion of Theorem [1.1](#FPar1){ref-type="sec"} (Luzin *N*-property) for $\documentclass[12pt]{minimal}
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### Lemma 3.14 {#FPar41}
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### Lemma 3.16 {#FPar43}
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### Proof {#FPar44}
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Let us start by checking ([3.30](#Equ45){ref-type=""}). We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _\alpha \Vert 1_{Q_\alpha }\cdot \nabla ^{k} v\Vert ^{{{p_\circ }}}_{\mathrm {L}_{{p_\circ },1}}\overset{{\small {\mathrm{Lemma}}~2.1}}{\le }\Vert 1_{\bigcup _\alpha Q_\alpha }\cdot \nabla ^{k} v\Vert ^{p_\circ }_{\mathrm {L}_{{p_\circ },1}}. \end{aligned}$$\end{document}$$Using ([2.2](#Equ8){ref-type=""}), we can rewrite the last estimate as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _\alpha \Vert 1_{Q_\alpha }\cdot \nabla ^{k} v\Vert ^{{{p_\circ }}}_{\mathrm {L}_{{p_\circ },1}}\le \biggl ( \int _0^{+\infty }\bigl [{\mathscr {L}}^n(\{x\in {\bigcup _\alpha Q_\alpha }: \, |\nabla ^{k} v(x)|>t\})\bigr ]^{\frac{1}{{p_\circ }}} \, \mathrm{d}t\biggr )^{p_\circ }. \end{aligned}$$\end{document}$$Since$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _0^{+\infty }\bigl [{\mathscr {L}}^n(\{x\in {\mathbb {R}}^n:|\nabla ^{k} v(x)|>t\})\bigr ]^{\frac{1}{{p_\circ }}} \, \mathrm{d}t <\infty , \end{aligned}$$\end{document}$$it follows that the integral on the right-hand side of ([3.32](#Equ47){ref-type=""}) tends to zero as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {L}}^n(\bigcup _\alpha Q_\alpha )$$\end{document}$ tends to zero. In particular, it will be less than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varepsilon }$$\end{document}$ if the condition ([3.29](#Equ44){ref-type=""}) is fulfilled with a sufficiently small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$. Thus ([3.30](#Equ45){ref-type=""}) is established for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta \in (0,\delta _{1}]$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _{1}=\delta _{1}(\varepsilon ,v)>0$$\end{document}$.
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### Remark 3.17 {#FPar46}
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Morse--Sard--Dubovitskiĭ--Federer Theorem for Sobolev Mappings {#Sec8}
--------------------------------------------------------------
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### Corollary 3.19 {#FPar49}
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Federer announced \[[@CR17]\] his result in 1966, this announcement (without any proofs) was sent on 08.02.1966. For the historical details, Dubovitskiĭ sent his paper \[[@CR15]\] (with complete proofs) a month earlier, on 10.01.1966.
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